Abstract. We study the induction and restriction functor from a Hopf subalgebra of a semisimple Hopf algebra. The image of the induction functor is described when the Hopf subalgebra is normal. In this situation, at the level of characters this image is isomorphic to the image of the restriction functor. A criterion for subcoalgebras to be invariant under the adjoint action is given generalizing Masuoka's result for normal Hopf algebras.
Introduction
The representation and character theory of semisimple Hopf algebras over an algebraically closed field of characteristic 0 has been developed in the last thirty years. Many results analogous to the classical theory of finite groups were obtained. One of the most important results was Zhu's proof that the character ring of a semisimple Hopf algebra is a semisimple ring [13] . The character theory for coalgebras started in [5] and then continued in [11] , [12] , as well as in other papers. An important updated reference on results on character theory and its applications in classification of finite Hopf algebras can be found in [10] .
In this paper we study the induction and restriction functor from a Hopf subalgebra of a semisimple Hopf algebra. Important results are obtained when the Hopf subalgebra is normal. In this situation, at the level of characters, the images of the induction map and restriction map are isomorphic as algebras. Recently was proven that a Hopf subalgebra is normal if and only if it is a depth two subalgebra [3] . One proof of this result uses the character theory for normal Hopf subalgebras developed in [2] . This paper continues the study began in [2] .
Our approach uses the commuting pair described in [14] . We show that the Fourier transform of a semisimple Hopf algebra H is a morphism of D(H)-modules. As in [14] an important role is played by The paper is organized as follows. In the first section we recall basic results about semisimple Hopf algebras and its character ring.
In Section 2 we study co-normal ideals of a semisimple Hopf algebra H. We show that a two sided ideal of a semisimple Hopf algebra H is co-normal if and only if its character as left module is central in H * . This follows by duality from a description of all subcoalgebras of H that are invariant under the adjoint action. More precisely, we prove that a subcoalgebra of H is invariant under the adjoint action of H if and only if its character as left (or right) H-comodule is central in H. This generalizes a well known result of Masuoka stating that a Hopf subalgebra of H is normal if and only if its integral is central in H [8] . The proof uses the Drinfeld double D(H) and the commuting pair of modules from [14] .
In the third section we prove few results about the induction functor from a semisimple Hopf subalgebra K of H to H. This functor induces a map at the level of character rings ind : C(K) → C(H). Its image is an ideal inside C(H). We also have an algebra map res : C(H) → C(K) induced by the restriction functor. In the last section we consider the situation when K is a normal Hopf subalgebra of H. We prove that the images of the restriction and induction maps are isomorphic as algebras. Another description of this image is given at the end of this section.
We work over an algebraically closed field k of characteristic zero. For a vector space V by |V | is denoted the dimension of V . All the modules are supposed to be left modules. The comultiplication, counit and antipode of a Hopf algebra are denoted by ∆, ǫ and S, respectively. We use Sweedler's notation ∆(x) = x 1 ⊗ x 2 for all x ∈ H. All the other notations for Hopf algebras are those used in [9] 1. Preliminaries 1.1. Theory of characters. Throughout this paper H will be a finite dimensional semisimple Hopf algebra over the algebraically closed field k. Then H is also cosemisimple and S 2 = Id (see [6] ). We use the notation Λ H ∈ H for the idempotent integral of H ( ǫ(Λ H ) = 1) and t H ∈ H * for the idempotent integral of H * (t H (1) = 1). Denote by Irr(H) the set of irreducible characters of H and let C(H) be the character ring of H. Then C(H) is a semisimple subalgebra of H * [13] and C(H) = Cocom(H * ), the space of cocommutative elements of H * .
By duality, the character ring of H * is a semisimple subalgebra of H and under this identification it follows that C(H * ) = Cocom(H). If M is an H-module with character χ then M * is also an H-module with character χ * = χ • S. This induces an involution "
If Irr(H) is the set of irreducible H-modules then from [9] it follows that the regular character of H is given by the formula
The dual formula is
. There is an associative nondegenerate bilinear form on C(H) given by
where m H is the multiplicity form on C(H). For two modules M and N of H one has m H (χ M , χ N ) = dim k Hom H (M, N). The pairs {χ} χ∈Irr(H) and {χ * } χ∈Irr(H) form dual bases with respect to ( , ).
A Hopf subalgebra of H is called normal if h 1 xSh 2 ∈ K for all h ∈ H and x ∈ K.
1.2. Properties of the function F . Let H be a finite dimensional semisimple Hopf algebra. Then H * is a left and right H-module via (a ⇀ f )(b) = f (ba) and (f ↼ a)(b) = f (ab). Similarly H is an H * left and right H-module via f ⇀ a = f (a 2 )a 1 and a ↼ f = f (a 1 )a 2 . Let F : H → H * be the map given by F (a) = a ⇀ t H for all a ∈ H. It is well known that F is bijective [9] . The inverse of F is given by
Proof. let i : K ֒→ H be the canonical inclusion of K in H. Since i * : H * → K * is a surjective Hopf map one has i * (t H ) = t K . On the other hand the map i * is just restriction to K. It follows that
The map F sends the center Z(H) of H into the character ring C(H) of H [9] .
is commutative where i is the canonical inclusion.
The commuting pair of modules
Let H be a finite dimensional semisimple Hopf algebra.
Its antipode is given by S(f
If H is finite dimensional semisimple over k then D(H) is also semisimple and cosemisimple [9] . Consider the induced module from
* where the action is given by a.f (x) = f ( S −1 a 2 xa 1 ) and g.f = gf for all a, x ∈ H and f, g ∈ A * . [4] The module A 0 can also be realized on H as following:
and the isomorphism is given by χ → R χ where R χ is right multiplication by χ on H * . Therefore the map
is a ring isomorphism. Also the map
is a ring isomorphism. [9] for the dual version.) It is also known that F sends the algebra C(H * ) to the center Z(H * ) of H * .
Proposition 2.1. The map F is an isomorphism of D(H)-modules.
Proof. It has to be verified that F (a.h) = a.F (h) and
For the other equality one has
In order to prove that F (f.h) = f.F (h) we will prove that
. We have used that t H is an integral and therefore
For a coalgebra C let Irr(C) be the set of irreducible H * -characters contained in C.
Remark 2.2. Let C be a subcoalgebra of H. Then and g ∈ I ⊥ . This is equivalent to ( f 1 gS(f 2 ))(x) = 0 for all f ∈ H * , g ∈ I ⊥ and x ∈ I. But ( f 1 gS(f 2 ))(x) = f ( x 1 S(x 3 )g(x 2 )) which implies that x 1 S(x 3 )g(x 2 ) = 0 for all g ∈ I ⊥ and x ∈ I. This is equivalent to
Indeed it is enough to verify this equality for a simple subcoalgebra
The following lemma will be used in the proof of next theorem.
Lemma 2.4. Let A be a finite dimensional semisimple algebra over an algebraically closed field of characteristic zero. Let x ∈ A be an idempotent of A and e ∈ Z(A) be a central idempotent of A. Then 1) Ax is a two sided ideal of A if and only if x is central. 2) Ax = Ae if and only if x = e.

Remark 2.5. Let A be a finite dimensional semisimple algebra over k and M be an A-module. A submodule of M will be called full isotopic submodule of M if and only if it is a sum of homogeneous components of M. It follows that N is a full isotopic submodule of M if and only if it is fixed by any A-endomorphism of M.
Theorem 2.6. A subcoalgebra C of H is invariant under the adjoint action if and only if its character d C is central in H.
Proof. Suppose that C is a subcoalgebra of H invariant under the adjoint action. Then C is a D(H)-submodule of H. The above description of the endomorphism ring of H shows that C is invariant under any D(H)-endomorphism of H. Thus C is a full isotopic submodule of H. Since F is an isomorphism of D(H)-modules it follows that F (C) is also a full isotopic submodule of H * . Therefore F (C) = ⊕ i∈X H * E i = H * ( i∈X E i ) for some set X. On the other hand by Remark 2.2 one has F (C) = H * (
The previous lemma implies that
Conversely suppose that the character
ξ d * is a central element in H * and therefore a central character in C(H). This implies that Proof. By Proposition 2.3 (H/I) * is a normal subcoalgebra of H * . Theorem 2.6 implies the conclusion by duality.
General results
Let K be a Hopf subalgebra of H. Then the restriction functor from H to K defines an algebra map at the level of characters ring
Similarly, the induction functor from K to H induces a linear map 
Proof. By formula 1.1 it follows that
α. The first statement follows from the commutativity of the diagram from Proposition 1.5. Indeed,
For the second equality note that
since both terms are the regular characters of H. Frobenius reciprocity applied to the first equality of this Proposition implies the second equality.
3.1. Image of Induction. The following result is Proposition 2 of [1] . It shows that the image of the induction map is a two sided ideal in C(H).
Lemma 3.2. Let K be a Hopf algebra of a semisimple Hopf algebra. Let M be an H module and V a K-module. Then
Let ǫ K the character of the trivial K-module. Let ǫ ↑ H K be the character corresponding to the trivial K-module induced to H. Proposition 3.3. Let K be a Hopf subalgebra of a semisimple Hopf algebra H. Then:
Proof. Put V = k, the trivial K-module, in the second formula of the above lemma. In terms of the characters this becomes χǫ ↑ 
Remark 4.3. Combining the above two formulae it can easily be seen that α ↑ 
Proof. Let
First we will show that p i = χ∈C i e χ for 1 ≤ i ≤ s ′ . Since both terms of the previous equality are idempotents it is enough to verify that any irreducible character of H takes the same value on both terms. Formula 4.1 shows that χ(
and the equality is proved. Thus each element p i = α∈D i f α belongs to Z(H) ∩ K. Since these elements are idempotent each of them is a sum of some of the primitive idempotents m j of Z(H) ∩ K. But Proposition 3.1 shows that if α ∈ B i and β ∈ B j with i = j then α ≁ β. Thus each element p i coincide with one of the primitive idempotents m j defined above. Since (1)
The above Lemma for the decomposition of Proposition 4.6 implies that for some subset A ⊂ Irr(H). Applying F to this equality one gets that:
On the other hand Proposition 3.1 implies that
The same Proposition implies that all the other characters of H that are not contained in A do not contain ǫ K when restricted to K. one can write
Since H is cosemisimple it is the sum of its simple subcoalgebras. These subcoalgebras are in bijective correspondence with the irreducible H * -characters [5] . Since k is algebraically closed, if d ∈ Irr(H * ) then
